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Abstract 
We first extend the notion of structure sheaf for left noetherian rings in the sense of Van 
Oystakyen to non-noetherian case; and then, by choosing a suitable sheaf category whose 
restriction to commutative rings yields the classical one, we prove that, for a vast class of 
non-necessarily commutative rings (including all commutative rings, all left stable left noether- 
ian rings and all biregular rings) the structure sheaf functor admits a right adjoint, and is 
therefore exact. 
1. Introduction 
As it is known, one of the very useful properties of the classical structure sheaf 
functor is that it is exact (in fact, it admits a right adjoint, e.g. see [l, 5.3, p. 124]), 
because the classical localization at any prime ideal is exact. In literature, 
many non-communicative versions of the classical structure sheaf have been 
presented, but localization at the Gabriel topology determined by a prime ideal, 
in general, is not exact. Therefore, it becomes more difficult to prove the exactness 
of their associated sheaf functors, even when restricted to left stable left noetherian 
rings. 
However, we will extend the structure sheaf for left noetherian rings introduced by 
Van Oystaeyen in [6] to the non-noetherian case; and prove that the structure 
presheaf unctor admits a right adjoint. We shall also prove in this paper that, for 
a vast class of rings (including all commutative rings, all left stable left noetherian rings 
and all biregular rings), this structure sheaf functor admits a right adjoint, and is 
therefore exact. Thus we extend the corresponding classical result mentioned above 
_ this result will play a key role when we prove that the algebraic version and the 
geometric version of non-commutative local cohomology are equivalent (see [3]), 
in particular, to establish the non-commutative version of Serre’s vanishing 
theorem. 
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2. Structure sheaves 
In this paper, a ring R means a general ring with identity, ideals of R mean 2-sided 
ideals, and an R-module M means a left R-module. We also denote by Spec R the set 
of all prime ideals of R, endowed with the Zariski topology whose typical open subsets 
are of the form D(Z) = {P E Spec R 1 Z $4 P> where Z is an ideal of R. For each ideal I, 
the intersection of all prime ideals containing Z is called the radical of I, and will be 
denoted by ,/?. 
Let R be any ring and Z an ideal of R. 
Let T(Z) be the filter of those ideals J such that fi 2 I, and zI be the left 
linear topology generated by T(Z) (that is, a left ideal L is in zI iff L contains some 
J E T(Z)). 
It is easy to see that T(Z), and hence zI, is only dependent on the open set 
D(Z), rather than the choice of the ideal I. It is also clear rhat T(Z) is closed 
under finite products of ideals. For any left R-module M, we may define, as 
usual, 
t,(M) = (M E M 1 Lm = 0 for some L E T(Z)}. 
Then it is easy to see that tU is a left exact endofunctor on R-Mod. We will call an 
R-module M t,-torsion if t”(M) = M. 
Let W be a base consisting of quasi-compact open subsets of SpecR. We will first 
study presheaves on 93. 
Suppose that M and N are left R-modules and f: M -+ N an R-linear morphism. 
Then f induces, for each ideal Z of R, a unique R-linear morphismf, : M/t, M -+ N/t, N 
such that the following diagram 
M - M/t,M 
f I I h 
N- N/t,N 
commutes. In fact, if m E M satisfying Km = 0 for some K E T(Z), then Kf (m) = 0 and 
hence f (m) E t,N. We write MI for M/T, M. Then it is easy to check that (fg)r =figt 
and (idlll)r = id,. That is to say, (-)I is an endofunctor on R-Mod. 
In fact, MI also defines a presheaf on 8: if D(Z) 2 D(J), then T(Z) E T(J), and 
hence t,(M) E t,(M). So we may define the restriction maps to be the canonical 
quotient morphisms qf(M) : MI = M/t1 M + M/t, M = MJ. 
Proposition 2.1. For each pair of ideals Z and J with $2 fi of R, q: is a natural 
transformation from (-)t + (-)J. 
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Proof. The statement follows from the fact that the following diagram 
M/t,M ’ - Nlt,N 
M,t:M - 
fJ 
N,;, N 
commutes, for each R-linear morphism f: M 4 N. 0 
For each R-module M and each ideal I of R, we write 
E,(M) for the inductive limit colimKETuj horn&, M). 
For any R-linear morphism f: M + N, write E,(f) for the morphism sending 
s E E,(M) represented by h : K -+ M to the element in Et(N) represented by the composi- 
tion fh:K + N. It is also easy to check that E,(fg) = E,(f)E,(g) and 
El(idM) = idE,(M). Moreover, if D(I) 2 D(J), then T(I) c T(J), we have an obvious 
restriction map E: which sends an element represented byf: K + M with K E T(I) to 
the element represented by the same morphism f: Thus E,_,(M) is also a presheaf 
associated to M on 9. 
The functor Q1(-) is then the composition of E,(-) and (-)r, and hence is also an 
endofunctor on R-Mod. That is, the morphism Qr(f) is defined by sending s E Q,(M) 
represented by h: K -+ M/t,M to the element in Q,(N) represented by the composition 
f,h. 
Moreover, if D(J) c D(I), where J and I are ideals of R, then we have T(I) E T(J) 
and z1 c rJ. Hence for each left R-module M, there is a canonical R-linear morphism 
Q,(M) + Q,(M), given by sending the element in Q,(M) represented by 
f: K + M/t, M to the one in Q,(M) represented by the composition g:(M) *f, since 
K also belongs to T(J). 
The canonical morphism will be denoted by Q;(M). 
Note that Q:(M) further satisfies the property: for each a E Q,(R) and s E QI(M), 
Qf(M)(as) = Q:(R)(a)Q:(M)(s). Thus we have seen that QM is a presheaf of QR- 
modules on 93. Here Q1(-) is the functor from R-Mod to QR-MOD, the category of all 
presheaves of QR-modules. 
Proposition 2.2. (1) The canonical morphism qIM: M + QIM determines a natural 
transformation from the identity functor to Q,; 
(2) Zf D(I) 2 D(J), then Q: is a natural transformation from Qr + QJ; and the 
following diagram commutes: 
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That is, for each R-linear h : M + N, the following diagram commutes: 
M- QIM 
h 
I I 
Q:h 
N -QJN, 
where Q:(h) is the composition of QfN and Q1(f). 
Proof. (2) Let f: M + N be any R-linear morphism. We claim that the following 
diagram commutes 
Q,Mx QrN 
Q&l IQ~N 
QJM -QJN. 
QJ(f) 
In fact, let s E Qr M be represented by h : K + M/t, M with K E T(Z). Then Ql(f)(s) is 
the element in Q1 N represented by f1 h : K + NItI N, where fi is the induced map from 
f: M --t N; and QfN(Q1( f )(s)) the element in QJN represented by (&N) f,h: 
K + N/t,N. 
QfM)(s) is the element in QJM represented by g,‘h: K + M/t,M, and 
QJ(f )(&M)(s) is the element in Q_,(N) represented byfJ(qfM)h : K -+ N/t,N. Now it 
follows from Proposition 2.1 that fJ(qfM) = (q:N) fi. 
Property (1) is a special case of property (2). 0 
Let ii?, to be the stalk of presheaf QM at P E Spec R. 
If I c J, there is a canonical morphism from homR(J, MD(J)) to horn&, MDCr,), 
which sends f: J + MD(J) to the composition q::$)f II. Now {horn&, Mot,,)} is an 
inductive system. 
Proposition 2.3. a, is the colimit of the inductive system {hom,(Z, MD,,,)}, where 
I $ P. 
Example. If R is commutative and I is a principal ideal generated by an element a E R, 
then Q,(R) is isomorphic to the ring R, which inverts a, and & is isomorphic to the 
localization RP of R at P. 
We define YM to be the disjoint union of all 1’6?, with P E X = Spec R and 
q: YM -+ Spec R be the natural projection. 
Now for each finitely generated ideal I, and each a E Q,(M) represented by 
fa : K + M/t,M with K E T(Z), we define a^: D(I) + Sp, by setting 6(P) to be the 
element in fip represented by f.. It is clearly independent of the particular choice and 
each C? is a local section of q in Set. 
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n -- 
We may have al + a 2 = al + a2 for any ul,u2 E Qr(M); and ss2 =czfor any 
sr, s2 E Q,(R); and G = S^II? for any a E Q,(M) and s E Q,(R), here sums and products 
are defined pointwisely. Thus we have that 
G(R) = 16 I a E QIW 
is a ring, and 
is a Q*;(R)-module. 
Note that each &(M) has a canonical R-module structure: for each r E R and 
s^ E or(M), rs* is defined by %. 
We will call the elements in Q,(M) with D(Z) E 9% quotients of elements of M. 
Definition 2.4. A ring R is called Gabriel with respect o $3 if rI is a Gabriel topology 
for each D(Z) E &?, and R is called Gabriel if g is the set of all quasi-compact open 
subsets of SpecR. 
Examples. All commutative rings, all left Noetherian rings and all biregular rings are 
Gabriel. 
Lemma 2.5. Suppose R is Gabriel with respect to $9, then for each R-module M, and 
each ideal Z with D(Z) E 29, there is a canonical isomorphism 
Q,(M) zQ~J. 
Proof. Suppose s E Q,(M) represented by f: K --t M/t, M and s^ = 0. Then for each 
P E D(Z), the element represented by f: K --f M/t,M in fi, is zero. That is, there is an 
ZP $k P with ZP c I, and an L E T (Zp) with L G K such that the composition 
Kl MJt,M 
L - M/tI, M 
is the zero morphism. That is, for any x E L, qf,( f (x)) = 0 in M/tGM. Now if we write 
f(x) = m, + t,M with m, E M, then by the definition of q:,, one has that m, E t,,M. 
Thus there exists L, E T (Zp) such that Lxmx = 0 in M. Therefore, L,f (x) = 0 in 
M/t, M (note that it is independent of the choice of m,, since iff (x) = rn: + tI M, then 
rn: - m, E t,M and hence L,m: = L,(m: - m,) s t,M). Let .ZP = CxeL. L,x. Then 
f (Jp) = 0 in M/t, M. Note that .ZP E rr, since rlP is a Gabriel topology and .JP: x 2 L, is 
in ZIP,. Let Jb be an ideal in T(Z,) such that J; E JP; and let J = CPEDuj Jb. Then we 
still have f (J) = 0 in M/t, M. Since .Z $ P for each P E D(Z), we further have J E T(Z). 
Now we conclude s = 0 since fl .Z and f represent he same element s. 0 
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Let us now consider the structure sheaves. For any open subset U = D(J), where J is 
an ideal of R define e,(U) to be the set of all functions o : D(J) + YM which is locally 
a quotient of elements of M, that is, those functions o such that for each P E D(J) there 
is an ZP c J with D(Z,) E W and ZP $ P, and an sp E Q,,(M) such that $ and o are 
equal on D(Z,). 
For each s E Q,(M), the restriction of s* on any open subset D(J) of D(Z) is locally 
a quotient of elements of M. 
In fact, if P E D(J) E D(Z), then there is a finitely generated ideal Zp with 
P E D(Zp) c D(J). Thus we have Q:,,(s) E Qr,(M) and &,) = Qs). 
Thus if D(J1) c D(Jz), then the obvious restriction map induces a restriction map 
OJ”,? from &, M + &, M. 
It is clear that sums and products, defined pointwise, of such functions are again 
such, and that the element 1 which gives 1 in each QReP is an identity. Thus each 
component f&D/(Z)) is a ring with identity. The restriction maps Q”: are ring 
morphisms. It is clear that OR is a presheaf of rings. Finally, it is clear from the local 
natural in the definition that OR is a sheaf of rings. It is also clear that for each 
R-module M, & is a sheaf of &-modules over SpecR. 
By Lemma 2.4, we have the following result: 
Corollary 2.6. Zf R is Gabriel, then for each R-module M, the presheaf QM is a separated 
presheaf: 
We are now going to define the structure (pre)sheaf functor. Suppose thatf: M + N 
is an R-linear morphism, then, for each ideal Z E FZdR, we have seen that it induces 
a morphism QI(f): Q,(M) + Q,(N) which sends an s E Q,(M) represented by 
h : K --) M/t, M with K E T(Z) to the element in Q,(N) represented byfr h : K --) N/t, N; 
and hence defines a natural transformation QM( f): QM + QN. Furthermore, Qw(f) 
induces a morphism &( f )) : &&D(Z)) + &D(Z)). It sends a cr E &(0(Z)) which is 
locally represented by%on D&), where sj E Q,,(M), to the element in &(D(Z)) which 
is locally represented by Q,,(f)(sj) on D(Zj). 
Recall that an R-module M is called z-closed, where z is a Gabriel topology, if M is 
isomorphic to Q,(M), or equivalently, each morphism f: K + M with K E T has 
a unique extension from R to M. 
Definition 2.7. We would like to fix the following notations, where 97 is the set of all 
quasi-compact open sets of SpecR: 
(&s&8)-MOD denotes the category of all sheaves of &-modules on 33 
(QR, W)-MOD denotes the category of all presheaves of QR-modules over A?. 
(QR, a-closed)-MOD denotes the full subcategory of (QR, W)-MOD consisting of 
those objects F whose components F(D(Z)) are not only QI(R)-modules, but also 
z+losed modules. 
(R”,shS#-closed)-MOD denotes the full subcategory of (&)-MOD consisting of 
those objects F which are objects in (QR,93-closed)-MOD. 
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The following lemma is useful but the proof is easy. 
Lemma 2.8. For any ring R, (QR, B-closed)-MOD is a Giraud subcategory of (QR,SYI)- 
MOD. 
Thus, for a Gabriel ring R with respect o 3, Q is in fact a functor from R-Mod to 
(QR, $3~closed)-MOD, and & is a functor from R-Mod to 8, shS%MOD. The functors 
will be called the structure presheaffunctor and structure sheaffunctor, respectively. 
Example. If R is commutative and take 23 to be the set for all quasi-compact open 
subsets, then & is the classical structure sheaf r? and (&,&Z-closed)-MOD = 
R-MOD. 
3. Adjunctions 
To prove the main result of this paper, we need the following lemma. For any 
R-module A4 and any ideal Z of R, let qr(A4) denote the canonical morphism from 
M + Q,(M), which is the composition of 
M + M/t,M + E,(M/t, M). 
Lemma 3.1. For any R-module M and any ideal Z of R, thefollowing two morphisms are 
equal 
QrMW) 
Q&W: Qr(Qr(W), 
rlr(QAW 
and hence both are invertible. 
Proof. For each s E Q1 M represented by f: K + M/t, M with K E T(Z), the element 
QI(qIM)(s) is represented by the composition 
K- M/tM- E,(M/t,M), 
where the last morphism is the canonical morphism q,(M,) which is equal to (qr(M)),. 
On the other hand, q,(Q,M)(s) is represented by s^: R + QrM since QI(M) is zr-torsion 
free. Now the conclusion follows from the following commutative diagram (e.g. see 
C21) 
K .R 
f I I i 
MJt,M- EI(MItr M). 
W,fI~rW 
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The last statement follows from the fact that any R-module N is z-closed iff the 
canonical morphism qN : N --t Q,N is invertible. 0 
Recall that the global section function from QR-MOD to R-MOD is defined by 
sending objects F to F(X), where X = Spec R. 
Theorem 3.2. If R is Gabriel with respect to 9, then the structure presheaf functor 
Q : R-MOD + (QR, &closed)-MOD is a leji adjoint to the global section functor. 
Proof. By Proposition 2.2, we see that qr = {aM 1 M E R-MOD} is a natural trans- 
formation from the identity functor to Qr. 
For any F E (QR, .%closed)-MOD and any morphism f: M + F(X), we want to 
show that there is a unique morphismf: QM + F such that f = fxqR M, where UR M is 
the canonial isomorphism M --f QR(M). 
Note that q,(F(D(Z))): F(D(Z)) + QIF(D(I)) is invertible since D(Z) E ~49, F@(Z)) is 
rr-closed. 
Define?: QM + F as follows: for any D(Z) E @,7(0(l)) is the composition of 
QI(M)=+ Q,(F(X))e’(F:! Q,(F(D(I))-=% F@(Z)). 
To check that 7 is a natural transformation: let D(Z) 2 D(J). Then we have the 
following commutative diagram: 
QAf) 
Q&W - Qr(F(W)- 
Q&I Q,(F(D(I)) q;‘VVW))) 
- F(W)) 
Q:(M) 
I 
Q:(FWN 
I I 
Q:(F:, 
1 
I 
FJ 
Q,(M) 
Q,(f 1 
l Q,(FW)) - 
Q,(F:) 
Q,UWJ)) s W(J)) 
where Q:(Ff) is the compositionof Q,(F:) and Q:(F(D(J))). The left square com- 
mutes by Proposition 2.2(2). The middle one commutes because the following two 
diagrams commutes by Proposition 2.2(2) again: 
Qr(F(X)) Qr(F’) - QrUVW)) 
QdFf\ /&I 
QrW'(J))) 
and 
Qr(W)) 
QI@',") + QxUWJ)) 
Q:(W(X)N I I Q:W(J)N 
QJV’W)) 
Q.&I 
* Q,UWJ))). 
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The right square commutes because the following diagram does, by using Proposition 
2.2(2) again: 
Now we want to show that the following diagram commutes 
MI?RM- QR(M) 
f 
\J 
?x 
F(X) 
In fact, we have the following commutative diagram 
M 
%M 
l QR(M) 
f QR(f) 
that is, v~(F(x))f= QR(~)vR(M). and hencef= vR~(F(X))QRU’)VR(M) =.&. 
To show the uniqueness, suppose that 4: QY + F is a morphism such that the 
following diagram commutes 
ME QR(M) 
Then we have the following commutative diagram: 
QrM Qdf 1 ‘Qz(F(X)) 
q;‘(Q,W I I s;‘FWO) 
Q&W 
41 
l F(W)) 
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On the other hand, we also have q,(Q,(M)) = Q&,(M)) by Lemma 3.1. Thus we 
have shown that $r =x, and hence the proof is complete. 0 
This reult could be viewed as a global version of a quotient category of R-Mod 
determined by a Gabriel topology. 
The following observation will be useful. 
Observation 3.3. If F = QN in Theorem 3.2, then7” = Q”(f). 
Definition 3.4. Let 5?? be the class of Gabriel rings R satisfying the property that for 
each finitely generated ideal I of R, the component of & at D(Z) is z,-closed. 
Corollary 3.5. Let R E V, then the structure sheafjiinctor Q” factorizes through (R”, shg- 
closed)-MOD. 
Examples. (1) If R is commutative, then for each R-module M, & is the classical 
structure sheaf ii? associated to M, and for each principal ideal Ra, I@(D(Ra)) = M, is 
zn,-closed. Thus for each finitely generated ideal I, @(D(Z)) is also z,-closed. 
(2) If R is left stable left Noetherian, then 0 = Q and hence Q,(M) is zl-closed for 
each ideal I and any R-module M. 
(3) If R is a biregular ing, then Q” = Q and hence Q,(M) is z+losed for each finitely 
generated ideal I and any R-module M. By [3, Proposition 3.2.41, it suffices to show 
that for each principal ideal Ra determined by a central idempotent element a, 
ER,M z QRaM. 
In fact, denote by p: M + M’ = M/t,,M the natural quotient map, then the 
morphism 4 : colim HomR(Ra”, M) + colim HomR(Ra”, M’) is determined by sending 
an R-linear mapf: Ra” + M to the composition pf: Ra” + M’. It is not hard to see 
that C$ is injective: if pf= 0, then pf(a”) = 0 and f(a”) E tRanM, and hence 
akf(_4”) = 0, for some natural k. Therefore,fl an+k = 0. 
Now we prove the surjectivity: We assume that a is central idempotent. For an 
element on the right had side which is represented byf: Ra” + M’, the composition 
$? factorizes through M since p is surjective. 
2 
R-Ran- f M’. 
Since a” is also central idempotent, we have g = zg and g 1 Ra” is an extension off: 
Theorem 3.6. Zf R E %, then the structure sheaf functor Q”(-): R-Mod + (i?, shB- 
closed)-MOD is a left adjoint to the global section functor, where X = SpecR. 
Proof. For any F E (R”, sh9&closed)-MOD and any morphism f: M + F(X), we want 
to show that there is a unique morphismf: & + F such that f =fx(aM)x qR M, where 
aM: QM + QM is the sheafification. 
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By Theorem 3.2, there is a morphism?: QM + F such thatf=~X~RM. By the usual 
sheafification process, there exists a unique morphism f such that the following 
diagram: 
commutes. Thus we further have the following commutative diagrams, the second 
being a consequence of the first. 
MB r(X, 0,) 
\/ 
F(X) 
To show the uniqueness, suppose that 4: &, + F is a morphism such that the 
following diagram is commutative 
By the uniqueness clause of Theorem 3.2, we see that 4aM =I and hence 4 =f by the 
uniqueness of the sheafification. This completes the proof. IJ 
Remarks (1) This result clearly extends the corresponding classical result for com- 
mutative rings. 
(2) The component of the unit at M of the adjunction in Theorem 3.6 is 
qM = axqRM. The component sF of the counit at F is defined by, for each finitely 
generated ideal I, 
M’(I)): r(W), &XI)- F(W)) 
is determined by the composition 
Q,(WW- ‘@‘) &,(F(D(Z)))= F(D(Z)). 
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The question when the unit or counit of the adjunction is invertible will be discussed 
in the author’s forthcoming paper [4]. 
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